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The phase diagram of three-avor quark matter under ompat star onstraints is investigated
within a NambuJona-Lasinio model. Loal olor and eletri harge neutrality is imposed for
β-equilibrated superonduting quark matter. The onstituent quark masses and the diquark on-
densates are determined selfonsistently in the plane of temperature and quark hemial potential.
Both strong and intermediate diquark oupling strengths are onsidered. We show that in both
ases, gapless superonduting phases do not our at temperatures relevant for ompat star evolu-
tion, i.e., below T ∼ 50 MeV. The stability and struture of isothermal quark star ongurations are
evaluated. For intermediate oupling, quark stars are omposed of a mixed phase of normal (NQ)
and two-avor superonduting (2SC) quark matter up to a maximum mass of 1.21 M⊙. At higher
entral densities, a phase transition to the three-avor olor avor loked (CFL) phase ours and
the ongurations beome unstable. For the strong diquark oupling we nd stable stars in the 2SC
phase, with masses up to 1.326 M⊙. A seond family of more ompat ongurations (twins) with
a CFL quark matter ore and a 2SC shell is also found to be stable. The twins have masses in the
range 1.301...1.326 M⊙. We onsider also hot isothermal ongurations at temperature T = 40MeV.
When the hot maximum mass onguration ools down, due to emission of photons and neutrinos,
a mass defet of 0.1 M⊙ ours and two nal state ongurations are possible.
PACS numbers: 12.38.Mh, 24.85.+p, 26.60.+, 97.60.-s
I. INTRODUCTION
Theoretial investigations of the QCD phase diagram
at high densities have reently gained momentum due to
results of non-perturbative low-energy QCD models [1,
2, 3℄ of olor superondutivity in quark matter [4, 5℄.
These models predit that the diquark pairing onden-
sates are of the order of 100 MeV and a remarkably rih
phase struture has been identied [6, 7, 8, 9℄. The main
motivation for studying the low-temperature domain of
the QCD phase diagram is its possible relevane for the
physis of ompat stars [10, 11, 12℄. Observable eets
of olor superonduting phases in ompat stars is ex-
peted, e.g., in the ooling behaviour [13, 14, 15, 16, 17℄,
magneti eld evolution [18, 19, 20, 21℄, and in burst-type
phenomena [22, 23, 24, 25℄.
The most prominent olor superonduting phases
with large diquark pairing gaps are the two-avor salar
diquark ondensate (2SC) and the olor-avor loking
(CFL) ondensate. The latter requires approximate
SU(3) avor symmetry and ours therefore only at
rather large quark hemial potentials, µq > 430 − 500
MeV, of the order of the dynamially generated strange
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quark mass Ms, whereas the 2SC phase an appear al-
ready at the hiral restoration transition for µq > 330−
350 MeV [26, 27, 28℄. Note that the quark hemial po-
tential in the enter of a typial ompat star is expeted
to not exeed a value of ∼ 500 MeV so the volume fra-
tion of a strange quark matter phase will be insuient
to entail observable onsequenes. However, when the
strange quark mass is onsidered not dynamially, but
as a free parameter independent of the thermodynamial
onditions, it has been shown that for not too large Ms
the CFL phase dominates over the 2SC phase [29, 30℄.
Studies of the QCD phase diagram with xed strange
quark mass have reently been extended to the disussion
of gapless CFL (gCFL) phases [31, 32, 33℄. The gapless
phases our when the asymmetry between Fermi levels
of dierent avors is large enough to allow for zero en-
ergy exitations while a nite pairing gap exists. They
have been found rst for the 2SC phase (g2SC) within a
dynamial hiral quark model [34, 35℄.
Any senario for ompat star evolution that is based
on the ourene of quark matter relies on the assump-
tions about the properties of this phase. It is therefore
of prior importane to obtain a phase diagram of three-
avor quark matter under ompat star onstraints with
selfonsistently determined dynamial quark masses. In
the present paper we will employ the NambuJona-
Lasinio (NJL) model to delineate the dierent quark mat-
ter phases in the plane of temperature and hemial po-
tential. We also address the question whether CFL quark
matter and gapless phases are likely to play a role in om-
pat star interiors.
2II. MODEL
In this paper, we onsider an NJL model with
quark-antiquark interations in the olor singlet
salar/pseudosalar hannel, and quark-quark inter-
ations in the salar olor antitriplet hannel. We
neglet the less attrative interation hannels, e.g.,
the isospin-singlet hannel, whih ould allow for weak
spin-1 ondensates. Suh ondensates allow for gapless
exitations at low temperatures and ould be important
for the ooling behaviour of ompat stars. However, the
oupling strengths in these hannels are poorly known
and we therefore neglet them here. The Lagrangian
density is is given by
L = q¯iα(i∂/δijδαβ −M0ijδαβ + µij,αβγ0)qjβ
+ GS
8∑
a=0
[
(q¯τaf q)
2 + (q¯iγ5τ
a
f q)
2
]
+ GD
∑
k,γ
[
(q¯iαǫijkǫαβγq
C
jβ)(q¯
C
i′α′ǫi′j′kǫα′β′γqj′β′)
+ (q¯iαiγ5ǫijkǫαβγq
C
jβ)(q¯
C
i′α′ iγ5ǫi′j′kǫα′β′γqj′β′)
]
, (1)
whereM0ij = diag(m
0
u,m
0
d,m
0
s) is the urrent quark mass
matrix in avor spae and µij,αβ is the hemial potential
matrix in olor and avor spae. Due to strong and weak
interations, the various hemial potentials are not in-
dependent. In the superonduting phases a U(1) gauge
symmetry remains unbroken [36℄, and the assoiated
harge is a linear ombination of the eletri harge, Q,
and two orthogonal generators of the unbroken SU(2)c
symmetry. Hene, there are in total four independent
hemial potentials
µij,αβ = (µδij +QµQ)δαβ + (T3µ3 + T8µ8)δij , (2)
where Q = diag(2/3,−1/3,−1/3) is the eletri harge
in avor spae, and T3 = diag(1,−1, 0) and T8 =
diag(1/
√
3, 1/
√
3,−2/√3) are the generators in olor
spae. The quark number hemial potential, µ, is re-
lated to the baryon hemial potential by µ = µB/3. The
quark elds in olor, avor and Dira spaes are denoted
by qiα and q¯iα = q
†
iαγ
0
. τaf are Gell-Mann matries at-
ing in avor spae. Charge onjugated quark elds are
denoted by qC = Cq¯T and q¯C = qTC, where C = iγ2γ0
is the Dira harge onjugation matrix. The indies α, β
and γ represent olors (r = 1, g = 2 and b = 3), while i,
j and k represent avors (u = 1, d = 2 and s = 3). GS
and GD are dimensionful oupling onstants that must
be determined by experiments.
Typially, three-avor NJL models use a 't Hooft de-
terminant interation that indues a UA(1) symmetry
breaking in the pseudosalar isosalar meson setor whih
an be adjusted suh that the η-η′ mass dierene is de-
sribed. This realization of the UA(1) breaking leads to
the important onsequene that the quark ondensates of
dierent avor setors get oupled. The dynamially gen-
erated strange quark mass ontains a ontribution from
the hiral ondensates of the light avors. There is, how-
ever, another possible realization of the UA(1) symme-
try breaking that does not arise on the mean eld level,
but only for the mesoni utuations in the pseudosalar
isosalar hannel. This is due to the oupling to the non-
perturbative gluon setor via the the triangle anomaly,
see e.g. [37, 38, 39℄. This realization of the η-η′ mass
dierene gives no ontribution to the quark thermody-
namis at the mean eld level, whih we will follow in
this paper. Up to now it is not known, whih of the
two UA(1) breaking mehanisms is the dominant one in
nature. In the present exploratory study of the mean
eld thermodynamis of three-avor quark matter, we
will take the point of view that the 't Hooft term might
be subdominant and an be disregarded. One possible
way to disentangle both mehanisms is due to their dif-
ferent response to hiral symmetry restoration at nite
temperatures and densities. While in heavy-ion ollisions
only the nite temperature aspet an be systematially
studied [40℄, the state of matter in neutron star interiors
may be suitable to probe the UA(1) symmetry restora-
tion and its possible impliations for the quark matter
phase diagram at high densities and low temperatures.
A omparison of the results presented in this work with
the alternative treatment of the phase diagram of three-
avor quark matter inluding the 't Hooft determinant
term, see [41℄, may therefore be very instrutive.
The mean-eld Lagrangian is
LMF = q¯iα
[
i∂/δijδαβ − (M0ij − 4GS〈〈q¯iαqjβ〉〉δij)δαβ + µij,αβγ0
]
qjβ
− 2GS
∑
i
〈〈q¯iqi〉〉2 −
∑
k,γ
|∆kγ |2
4GD
+ q¯iα
∆˜kγ
2
qCjβ + q¯
C
iα
∆˜†kγ
2
qjβ , (3)
∆˜kγ = 2GDiγ5ǫαβγǫijk〈〈q¯i′α′iγ5ǫα′β′γǫi′j′kqCj′β′〉〉 = iγ5ǫαβγǫijk∆kγ . (4)
We dene the hiral gaps
φi = −4GS〈〈q¯iqi〉〉, (5)
and the diquark gaps
∆kγ = 2GD〈〈q¯iαiγ5ǫαβγǫijkqCjβ〉〉. (6)
3The hiral ondensates ontribute to the dynamial
mass of the quarks, the onstituent quark mass matrix
in avor spae is M = diag(m0u + φu,m
0
d + φd,m
0
s + φs),
where m0i are the urrent quark masses. For nite ur-
rent quark masses the U(3)L × U(3)R symmetry of the
Lagrangian is spontaneously broken and only approxi-
mately restored at high densities.
The diquark gaps, ∆kγ , are antisymmetri in avor
and olor, e.g., the ondensate orresponding to ∆ur is
reated by green and blue down and strange quarks. Due
to this property, the diquark gaps an be denoted with
the avor indies of the interating quarks
∆ur = ∆ds, ∆dg = ∆us, ∆sb = ∆ud. (7)
After reformulating the mean-eld lagrangian in 8-
omponent Nambu-Gorkov spinors [42, 43℄ and perform-
ing the funtional integrals over Grassman variables [44℄
we obtain the thermodynami potential
Ω(T, µ) =
φ2u + φ
2
d + φ
2
s
8GS
+
|∆ud|2 + |∆us|2 + |∆ds|2
4GD
− T
∑
n
∫
d3p
(2π)3
1
2
Tr ln
(
1
T
S−1(iωn, ~p)
)
+ Ωe − Ω0. (8)
Here S−1(p) is the inverse propagator of the quark elds
at four momentum p = (iωn, ~p),
S−1(iωn, ~p) =
[
p/−M + µγ0 ∆˜kγ
∆˜†kγ p/−M − µγ0
]
, (9)
and ωn = (2n+ 1)πT are the Matsubara frequenies for
fermions. The thermodynami potential of ultrarelativis-
ti eletrons,
Ωe = − 1
12π2
µ4Q −
1
6
µ2QT
2 − 7
180
π2T 4, (10)
has been added to the potential, and the vauum ontri-
bution,
Ω0 = Ω(0, 0) =
φ20u + φ
2
0d + φ
2
0s
8GS
−2Nc
∑
i
∫
d3p
(2π)3
√
M2i + p
2, (11)
has been subtrated in order to get zero pressure in va-
uum. Using the identity Tr(ln(D)) = ln(det(D)) and
evaluating the determinant (see Appendix A), we obtain
ln det
(
1
T
S−1(iωn, ~p)
)
= 2
18∑
a=1
ln
(
ω2n + λa(~p)
2
T 2
)
.
(12)
The quasipartile dispersion relations, λa(~p), are the
eigenvalues of the Hermitian matrix,
M =
[
−γ0~γ · ~p− γ0M + µ γ0∆˜kγC
γ0C∆˜†kγ −γ0~γT · ~p+ γ0M − µ
]
,
(13)
in olor, avor, and Nambu-Gorkov spae. This result is
in agreement with [30, 41℄. Finally, the Matsubara sum
an be evaluated on losed form [44℄,
T
∑
n
ln
(
ω2n + λ
2
a
T 2
)
= λa + 2T ln(1 + e
−λa/T ), (14)
leading to an expression for the thermodynami potential
on the form
Ω(T, µ) =
φ2u + φ
2
d + φ
2
s
8GS
+
|∆ud|2 + |∆us|2 + |∆ds|2
4GD
−
∫
d3p
(2π)3
18∑
a=1
(
λa + 2T ln
(
1 + e−λa/T
))
+ Ωe − Ω0. (15)
It should be noted that (14) is an even funtion of λa,
so the signs of the quasipartile dispersion relations are
arbitrary. In this paper, we assume that there are no
trapped neutrinos. This approximation is valid for quark
matter in neutron stars, after the short period of delep-
tonization is over.
Equations (10), (11), (13), and (15) form a onsistent
thermodynami model of superonduting quark matter.
The independent variables are µ and T . The gaps, φi,
and ∆ij , are variational order parameters that should be
determined by minimization of the grand anonial ther-
modynamial potential, Ω. Also, quark matter should be
loally olor and eletri harge neutral, so at the physial
minima of the thermodynami potential the orrespond-
ing number densities should be zero
nQ = − ∂Ω
∂µQ
= 0, (16)
n8 = − ∂Ω
∂µ3
= 0, (17)
n3 = − ∂Ω
∂µ8
= 0. (18)
The pressure, P , is related to the thermodynami poten-
tial by P = −Ω at the global minima of Ω. The quark
density, entropy and energy density are then obtained
as derivatives of the thermodynamial potential with re-
spet to µ, T and 1/T , respetively.
III. RESULTS
The numerial solutions to be reported in this Setion
are obtained with the following set of model parameters,
taken from Table 5.2 of Ref. [8℄ for vanishing 't Hooft
interation,
m0u,d = 5.5 MeV , (19)
m0s = 112.0 MeV , (20)
GSΛ
2 = 2.319 , (21)
Λ2 = 602.3 MeV . (22)
4With these parameters, the following low-energy QCD
observables an be reprodued: mpi = 135 MeV, mK =
497.7MeV, fpi = 92.4MeV. The value of the diquark ou-
pling strength GD = ηGS is onsidered as a free param-
eter of the model. Here we present results for η = 0.75
(intermediate oupling) and η = 1.0 (strong oupling).
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FIG. 1: Gaps and dynamial quark masses as a funtion of µ
at T=0 for intermediate diquark oupling, η = 0.75.
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FIG. 2: Gaps and dynamial quark masses as a funtion of µ
at T=0 for strong diquark oupling, η = 1.
A. Quark masses and pairing gaps at zero
temperature
The dynamially generated quark masses and the di-
quark pairing gaps are determined selfonsistently at the
absolute minima of the thermodynami potential, in the
plane of temperature and quark hemial potential. This
is done for both the strong and the intermediate diquark
oupling strength. In Figs. 1 and 2 we show the de-
pendene of masses and gaps on the quark hemial po-
tential at T = 0 for η = 0.75 and η = 1.0, resp. A
300 350 400 450 500 550 600
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-100
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FIG. 3: Chemial potentials µQ and µ8 at T=0 for both values
of the diquark oupling η = 0.75 and η = 1. All phases
onsidered in this work have zero n3 olor harge for µ3 = 0,
hene µ3 is omitted in the plot.
harateristi feature of this dynamial quark model is
that the ritial quark hemial potentials where light
and strange quark masses jump from their onstituent
mass values down to almost their urrent mass values do
not oinide. With inreasing hemial potential the sys-
tem undergoes a sequene of two transitions: (1) vauum
→ two-avor quark matter, (2) two-avor→ three-avor
quark matter. The intermediate two-avor quark matter
phase ours within an interval of hemial potentials
typial for ompat star interiors. While at intermediate
oupling the asymmetry between of up and down quark
hemial potentials leads to a mixed NQ-2SC phase be-
low temperatures of 20-30 MeV, at strong oupling the
pure 2SC phase extends down to T=0. Simultaneously,
the limiting hemial potentials of the two-avor quark
matter region are lowered by about 40 MeV. Three-avor
quark matter is always in the CFL phase where all quarks
are paired. The robustness of the 2SC ondensate un-
der ompat star onstraints, with respet to hanges of
the oupling strength, as well as to a softening of the
momentum uto by a formfator, has been reently in-
vestigated within a dierent parametrization [45℄ with
5similar trend: for η = 0.75 and NJL formfator the 2SC
ondensate does not our for moderate hemial poten-
tials while for η = 1.0 it ours simultaneously with hiral
symmetry restoration. Fig. 3 shows the orresponding
dependenes of the hemial potentials onjugate to ele-
tri (µQ) and olor (µ8) harges. All phases onsidered
in this work have zero n3 olor harge for µ3 = 0.
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FIG. 4: Quark-quark quasipartile dispersion relations. For
η = 0.75, T = 0, and µ = 480 MeV (left panel) there is a
forbidden energy band above the Fermi surfae. All dispersion
relations are gapped at this point in the µ−T plane, see Fig. 5.
There is no forbidden energy band for the ub − sr, db − sq,
and ur − dg − sb quasipartiles at η = 1, T = 84 MeV, and
µ = 500 MeV (right panel). This point in the µ − T plane
onstitute a part of the gapless CFL phase of Fig. 6.
B. Dispersion relations and gapless phases
In Fig. 4 we show the quasipartile dispersion rela-
tions of dierent exitations at two points in the phase
diagram: (I) the CFL phase (left panel), where there is
a nite energy gap for all dispersion relations. (II) the
gCFL phase (right panel), where the energy spetrum is
shifted due to the assymetry in the hemial potentials,
suh that the CFL gap is zero and (gapless) exitations
with zero energy are possible. In the present model, this
phenomenon ours only at rather high temperatures,
where the ondensates are diminished by thermal utu-
ations.
C. Phase diagram
The thermodynamial state of the system is harater-
ized by the values of the order parameters and their de-
pendene on T and µ. Here we illustrate this dependeny
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FIG. 5: Phase diagram of neutral three-avor quark matter
for intermediate diquark oupling η = 0.75. First-order phase
transition boundaries are indiated by bold solid lines, while
thin solid lines orrespond to seond-order phase boundaries.
The dashed lines indiate gapless phase boundaries. The vol-
ume fration, χ2SC , of the 2SC omponent of the mixed NQ-
2SC phase is denoted with thin dotted lines, while the on-
stituent strange quark mass is denoted with bold dotted lines.
in a phase diagram. We identify the following phases:
1. NQ: ∆ud = ∆us = ∆ds = 0;
2. NQ-2SC: ∆ud 6= 0, ∆us = ∆ds = 0, 0<χ2SC<1;
3. 2SC: ∆ud 6= 0, ∆us = ∆ds = 0;
4. uSC: ∆ud 6= 0, ∆us 6= 0, ∆ds = 0;
5. CFL: ∆ud 6= 0, ∆ds 6= 0, ∆us 6= 0;
and their gapless versions. The resulting phase diagrams
for intermediate and strong oupling are given in Figs. 5
and 6, resp. and onstitute the main result of this work,
whih is summarized in the following statements:
1. Gapless phases our only at high temperatures,
above 50 MeV (intermediate oupling) or 60 MeV
(strong oupling).
2. CFL phases our only at rather high hemial po-
tential, well above the hiral restoration transition,
i.e. above 464 MeV (intermediate oupling) or 426
MeV (strong oupling).
3. Two-avor quark matter for intermediate oupling
is at low temperatures (T<20-30 MeV) in a mixed
NQ-2SC phase, at high temperatures in the pure
2SC phase.
4. Two-avor quark matter for strong oupling is in
the 2SC phase with rather high ritial tempera-
tures of ∼ 100 MeV.
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FIG. 6: Phase diagram of neutral three-avor quark matter
for strong diquark oupling η = 1. Line styles as in Fig. 3
5. The ritial endpoint of rst order hiral phase
transitions is at (T,µ)=(44 MeV, 347 MeV) for in-
termediate oupling and at (92 MeV, 305 MeV) for
strong oupling.
D. Quark matter equation of state
The various phases of quark matter presented in the
previous setion have been identied by minimizing the
thermodynami potential, Ω, in the order parameters,
∆ij and φi. For a homogenous system, the pressure is
P = −Ωmin, see Fig. 7, where the µ-dependene of Ωmin
is shown at T = 0 for the dierent ompeting phases.
The lowest value of Ωmin orresponds to the negative
value of the physial pressure. The intersetion of two
urves orresponds to a rst order phase transition. All
other thermodynami quantities an be obtained from
the thermodynami potential by derivatives. At inter-
mediate oupling, we have a rst order transition from
the NQ-2SC phase to the CFL phase, whereas at strong
oupling the rst order transition is from the 2SC phase
to the CFL phase, with a lower ritial energy density.
In Fig. 8 the equation of state for old three-avor quark
matter is given on a form suitable for the investigation
of hydrodynami stability of gravitating ompat objet,
so-alled quark stars. This is the topi for the next Sub-
setion.
E. Quark star ongurations
The properties of spherially symmetri, stati on-
gurations of dense matter an be alulated with the
well-known Tolman-Oppenheimer-Volko equations for
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FIG. 7: Minima of the thermodynamial potential for neutral
three-avor quark matter at T=0 as a funtion of the quark
hemial potential. Note that at a given oupling η the state
with the lowest Ωmin is attained and the physial pressure is
P = −Ωmin.
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FIG. 8: Equation of state for three-avor quark matter at
T=0 with rst order phase transitions. For intermediate di-
quark oupling (η = 0.75): from the mixed NQ-2SC phase to
the CFL phase, for strong diquark oupling (η = 1): from the
2SC phase to the CFL phase.
hydrostati equilibrium of self- gravitating matter, see
also [46℄,
dP (r)
dr
= − [ε(r) + P (r)][m(r) + 4πr
3P (r)]
r[r − 2m(r)] . (23)
Here ε(r) is the energy density and P (r) the pressure at
7distane r from the enter of the star. The mass enlosed
in a sphere with radius r is dened by
m(r) = 4π
∫ r
0
ε(r′)r′2dr′ . (24)
These equations are solved for given entral baryon
number densities, nB(r = 0), thereby dening a sequene
of quark star ongurations. For the generalization to
nite temperature ongurations, see [47℄. Hot quark
stars have been disussed, e.g., in [48, 49, 50℄. In Fig.
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FIG. 9: Sequenes of old quark stars for the three-avor
quark matter equation of state desribed in the text. The ris-
ing branhes in the mass-entral density relation (left panel)
indiate stable ompat objet ongurations. The mass-
radius relations (right panel) show that the three-avor quark
matter desribed in this paper leads to very ompat self-
bound objets. For intermediate diquark oupling, η = 0.75,
stable stars onsist of a mixed phase of NQ-2SC matter with a
maximum mass of 1.21 M⊙ (dashed line). At higher densities
a phase transition to CFL quark matter ours whih entails
a ollapse of the star. For strong oupling, η = 1, the low
density quark matter is in the 2SC phase and orresponding
quark stars are stable up to a maximum mass of 1.326 M⊙
(solid line). The phase transition to CFL quark matter entails
an instability whih at T=0 leads to a third family of stable
stars for entral densities above 9 n0 and a mass twin window
of 1.301 - 1.326 M⊙.
9 we show the stable ongurations of quark stars for
the three-avor quark matter equation of state desribed
above. The obtained mass radius relations allow for very
ompat selfbound objets, with a maximum radius that
is less than 10 km. For intermediate diquark oupling,
η = 0.75, stable stars onsist of a NQ-2SC mixed phase
with a maximum mass of 1.21 M⊙. With inrasing den-
sity, a phase transition to the CFL phase renders the se-
quene unstable. For the strong diquark oupling, η = 1,
quark matter is in the 2SC phase at low densities and the
orresponding sequene of quark stars is stable up to a
maximum mass of 1.33M⊙. The phase transition to CFL
quark matter entails an instability that leads to a third
family of stable stars, with masses in-between 1.30 and
1.33 M⊙. For non-areting ompat stars the baryon
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FIG. 10: Cooling an isothermal quark star onguration with
initial massM = 1.41 M⊙ at temperature T = 40 MeV under
onservation of the given baryon number N = 1.46 N⊙ down
to T = 0 leads to a mass defet ∆M = 0.1 M⊙ for the strong
oupling ase (η = 1.0). Due to the twin struture at T = 0,
two alternatives for the nal state an be attained, a homo-
geneous 2SC quark star or a dense 2SC-CFL quark hybrid
star.
number is an invariant during the ooling evolution. By
omparing the masses of old and hot isothermal ong-
urations of quark stars of equal baryon number, the max-
imum mass defet (energy release due to ooling) an be
alulated. The result for the strong diquark oupling,
η = 1, is shown if Fig. 10. For an initial temperature
of 40 MeV and a given baryon number of N = 1.46 N⊙,
the initial mass is M = 1.41 M⊙. By ooling this objet
down to T = 0, a mass defet of ∆M = 0.1 M⊙ ours.
For the hosen baryon number, N = 1.46 N⊙, there are
two possible T = 0 ongurations (twins). A hot star
ould thus evolve into the more ompat mass-equivalent
(twin) nal state, if a utuation triggers the transition
to a CFL phase in the ore of the star. The strutures of
these two twin ongurations are given in Fig. 11. The
energy release of 0.1 M⊙ is of the same order of mag-
nitude as the energy release in supernova explosions and
gamma-ray bursts. Disregarding the possible inuene of
a hadroni shell and the details regarding the heat trans-
port, the ooling indued rst order phase transition to
the CFL phase ould serve as a andidate proess for the
puzzling engine of these energeti phenomena [45, 50℄.
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FIG. 11: Struture of two quark star (QS) ongurations with
M = 1.314M⊙ (mass twins) for the three-avor quark matter
equation of state desribed in the text in the ase of strong
oupling (η = 1). The low-density twin has a radius of 9
km and is a homogeneous 2SC quark star, the high-density
twin is more ompat with a radius of 8 km and onsists of a
CFL quark matter ore with 4.65 km radius and a 2SC quark
matter shell.
IV. CONCLUSIONS
We have investigated the phase diagram of three-avor
quark matter within an NJL model under ompat star
onstraints. Loal olor and eletri harge neutrality is
imposed for β−equilibrated superonduting quark mat-
ter. The onstituent quark masses are selfonsistently de-
termined. The model refrains from adopting the 't Hooft
determinant interation in the mean eld Lagrangian as
a realization of the UA(1) symmetry breaking. Instead,
it is assumed that the η − η′ mass dierene originates
from an anomalous oupling of the pseudosalar isos-
inglet utuation to the nonperturbative gluon setor,
whih gives no ontribution to the quark thermodynam-
is at the mean eld level. The resulting parametrization
of this SUf (3) NJL model results in a stronger oupling
than NJL models with a 't Hooft term and thus in dif-
ferent phase diagrams, f. Ref. [41℄. The diquark on-
densates are determined selfonsistently by minimization
of the grand anonial thermodynami potential. The
various ondensates are order parameters that harater-
ize the dierent phases in the plane of temperature and
quark hemial potential. These phases are in partiu-
lar the NQ-2SC mixed phase, the 2SC, uSC, and CFL
phases, as well as the orresponding gapless phases. We
have investigated strong and intermediate diquark ou-
pling strengths. It is shown that in both ases gapless
superonduting phases does not our at temperatures
relevant for ompat star evolution, i.e., below∼ 50MeV.
Three-avor quark matter phases, e.g., the CFL phase,
our only at rather large hemial potential, so the ex-
istene of suh phases in stable ompat stars is ques-
tionable. The stability and stuture of isothermal quark
star ongurations are evaluated. For the strong diquark
oupling, 2SC stars are stable up to a maximum mass of
1.33M⊙. A seond family of more ompat stars (twins)
with a CFL quark matter ore and masses in-between
1.30 and 1.33 M⊙ are found to be stable. For interme-
diate oupling, the quark stars are omposed of a mixed
NQ-2SC phase up to a maximum mass of 1.21M⊙, where
a phase transition to the CFL phase ours and the on-
gurations beome unstable. When isothermal star on-
gurations with an initial temperature of 40 MeV ools
under onservation of baryon number, the mass defet is
0.1 M⊙ for the strong diquark oupling. It is important
to investigate the robustness of these statements, in par-
tiular by inluding nonloal formfators and by going
beyond the mean-eld level by inluding the eets of
a hadroni medium on the quark ondensates. Finally,
any statement onerning the ourene and stability of
quark matter in ompat stars shall inlude an investi-
gation of the inuene of a hadroni shell [52, 53, 54℄ on
the solutions of the equations of ompat star struture.
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APPENDIX A: DISPERSION RELATIONS
The dispersion relations of the quasipartiles that ap-
pear in the expression for the thermodynami poten-
tial (15) is the eigenvalues of the Nambu-Gorkov ma-
trix (13). For eah olor and avor ombination of the
eight omponent Nambu-Gorkov spinors, there is a or-
responding 8x8 entry in this matrix; for three avors and
three olors (13) is a 72x72 matrix. The expliit form
of this matrix an be represented by a table, where the
rows and olumns denote the avor and olor degrees of
freedom
9qur qug qub qdr qdg qdb qsr qsg qsb q
†
ur q
†
ug q
†
ub q
†
dr q
†
dg q
†
db q
†
sr q
†
sg q
†
sb
q†ur Aur 0 0 0 0 0 0 0 0 0 0 0 0 Dud 0 0 0 Dus
q†ug 0 Aug 0 0 0 0 0 0 0 0 0 0 −Dud 0 0 0 0 0
q†ub 0 0 Aub 0 0 0 0 0 0 0 0 0 0 0 0 −Dus 0 0
q†dr 0 0 0 Adr 0 0 0 0 0 0 −Dud 0 0 0 0 0 0 0
q†dg 0 0 0 0 Adg 0 0 0 0 Dud 0 0 0 0 0 0 0 Dds
q†db 0 0 0 0 0 Adb 0 0 0 0 0 0 0 0 0 0 −Dds 0
q†sr 0 0 0 0 0 0 Asr 0 0 0 0 −Dus 0 0 0 0 0 0
q†sg 0 0 0 0 0 0 0 Asg 0 0 0 0 0 0 −Dds 0 0 0
q†sb 0 0 0 0 0 0 0 0 AsbDus 0 0 0 Dds 0 0 0 0
qur 0 0 0 0 D
†
ud 0 0 0 D
†
usBur 0 0 0 0 0 0 0 0
qug 0 0 0 −D†ud 0 0 0 0 0 0 Bug 0 0 0 0 0 0 0
qub 0 0 0 0 0 0 −D†us 0 0 0 0 Bub 0 0 0 0 0 0
qdr 0 −D†ud 0 0 0 0 0 0 0 0 0 0 Bdr 0 0 0 0 0
qdg D
†
ud 0 0 0 0 0 0 0 D
†
ds 0 0 0 0 Bdg 0 0 0 0
qdb 0 0 0 0 0 0 0 −D†ds 0 0 0 0 0 0 Bdb 0 0 0
qsr 0 0 −D†us 0 0 0 0 0 0 0 0 0 0 0 0 Bsr 0 0
qsg 0 0 0 0 0 −D†ds 0 0 0 0 0 0 0 0 0 0 Bsg 0
qsb D
†
us 0 0 0 D
†
ds 0 0 0 0 0 0 0 0 0 0 0 0 Bsb
. (A1)
Eah entry is a 4x4 Hermitean matrix in Dira spae.
The diagonal submatries are
Ai,α =

p+ µi,α 0 −Mi 0
0 −p+ µi,α 0 −Mi
−Mi 0 −p+ µi,α 0
0 −Mi 0 p+ µi,α
 , (A2)
Bj,β =

−p− µj,β 0 Mj 0
0 p− µj,β 0 Mj
Mj 0 p− µj,β 0
0 Mj 0 −p− µj,β
 , (A3)
whereas the o-diagonal bloks are given by
Di,j =

0 0 0 i∆i,j
0 0 −i∆i,j 0
0 i∆i,j 0 0
−i∆i,j 0 0 0
 . (A4)
The eigenvalues of (A1) are the quasipartile energies,
λa, that enter the thermodynami potential (15), i.e., the
72 dispersion relations of the various quark-quark and
antiquark-antiquark exitations. These eigenvalues an
be alulated using a standard numerial library. How-
ever, in order to redue the omputational ost, the ma-
trix an be deomposed into a blok-diagonal matrix by
elementary row and olumn operations.
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qur qdg qsb q
†
ur q
†
dg q
†
sb qug q
†
dr qdr q
†
ug qub q
†
sr qsr q
†
ub qdb q
†
sg qsg q
†
db
q†ur Aur 0 0 0 DudDus 0 0 0 0 0 0 0 0 0 0 0 0
q†dg 0 Adg 0 Dud 0 Dds 0 0 0 0 0 0 0 0 0 0 0 0
q†sb 0 0 AsbDus Dds 0 0 0 0 0 0 0 0 0 0 0 0 0
qur 0 D
†
udD
†
usBur 0 0 0 0 0 0 0 0 0 0 0 0 0 0
qdg D
†
ud 0 D
†
ds 0 Bdg 0 0 0 0 0 0 0 0 0 0 0 0 0
qsb D
†
us D
†
ds 0 0 0 Bsb 0 0 0 0 0 0 0 0 0 0 0 0
q†ug 0 0 0 0 0 0 Aug −Dud 0 0 0 0 0 0 0 0 0 0
qdr 0 0 0 0 0 0 −D†ud Bdr 0 0 0 0 0 0 0 0 0 0
q†dr 0 0 0 0 0 0 0 0 Adr −Dud 0 0 0 0 0 0 0 0
qug 0 0 0 0 0 0 0 0 −D†ud Bug 0 0 0 0 0 0 0 0
q†ub 0 0 0 0 0 0 0 0 0 0 Aub −Dus 0 0 0 0 0 0
qsr 0 0 0 0 0 0 0 0 0 0 −D†us Bsr 0 0 0 0 0 0
q†sr 0 0 0 0 0 0 0 0 0 0 0 0 Asr −Dus 0 0 0 0
qub 0 0 0 0 0 0 0 0 0 0 0 0 −D†us Bub 0 0 0 0
q†db 0 0 0 0 0 0 0 0 0 0 0 0 0 0 Adb −Dds 0 0
qsg 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −D†ds Bsg 0 0
q†sg 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 Asg −Dds
qdb 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −D†ds Bdb
(A5)
This matrix has one 24x24 and six 8x8 independent
submatries. Expressing these submatries expliitely,
using (A2-A4), the 24x24 matrix an be deomposed into
two independent 12x12 submatries by elementary row
and olumn operations. Similarly, the six 8x8 matries
an be transformed into twelve independent 4x4 subma-
tries. There is a two-fold degeneray due to the Nambu-
Gorkov basis, eah matrix appears both as M and M†,
so there are only one independent 12x12 matrix and six
4x4 matries. The 12x12 matrix is
M12 =

p+ µur 0 0 −Mu 0 0 0 i∆ud i∆us 0 0 0
0 p+ µdg 0 0 −Md 0 i∆ud 0 i∆ds 0 0 0
0 0 p+ µsb 0 0 −Ms i∆us i∆ds 0 0 0 0
−Mu 0 0 −p+ µur 0 0 0 0 0 0 i∆ud i∆us
0 −Md 0 0 −p+ µdg 0 0 0 0 i∆ud 0 i∆ds
0 0 −Ms 0 0 −p+ µsb 0 0 0 i∆us i∆ds 0
0 −i∆ud−i∆us 0 0 0 −p− µur 0 0 Mu 0 0
−i∆ud 0 −i∆ds 0 0 0 0 −p− µdg 0 0 Md 0
−i∆us−i∆ds 0 0 0 0 0 0 −p− µsb 0 0 Ms
0 0 0 0 −i∆ud −i∆us Mu 0 0 p− µur 0 0
0 0 0 −i∆ud 0 −i∆ds 0 Md 0 0 p− µdg 0
0 0 0 −i∆us −i∆ds 0 0 0 Ms 0 0 p− µsb

, (A6)
and the 4x4 matries are
M4 =

p+ µi,α −i∆i,j −Mi 0
i∆i,j −p− µj,β 0 Mj
−Mi 0 −p+ µi,α −i∆i,j
0 Mj i∆i,j p− µj,β
 , (A7)
for spinor produts ug − dr, ub − sr, db − sg, dr − ug,
sr − ub, and sg − db, respetively.
Sine these matries are Hermitean, the eigenvalues
appear in ± pairs. Thus, in general, there are nine inde-
pendent dispersion relations for quark-quark exitations
11
and nine for antiquark-antiquark exitations. The eigen-
values of (A6) must be alulated numerially. The eigen-
values of (A7) an be obtained analytially by solving for
the roots of the quarti harateristi polynomial,
λ4 + a3λ
3 + a2λ
2 + a1λ+ a0 = 0, (A8)
where
a0 = P
4 +
(
M2i +M
2
j + 2∆
2
i,j − µ2i,α − µ2j,β
)
P 2
+
(
µi,αµj,β +MiMj +∆
2
i,j + µi,αMj + µj,βMi
)(
µi,αµj,β +MiMj +∆
2
i,j − µi,αMj − µj,βMi
)
,
a1 = 2 (µi,α − µj,β)P 2 + 2∆2i,j (µi,α − µj,β)
+ 2
(
µi,αM
2
j − µj,βM2i + µ2i,αµj,β − µ2j,βµi,α
)
,
a2 = µ
2
i,α + µ
2
j,β − 2P 2 −M2i −M2j − 2∆2i,j − 4µi,αµj,β,
a3 = −2 (µi,α − µj,β) .
In the limit when Mi = Mj = M , whih is approxi-
mately valid for the ug − dr and dr − ug quasipartiles,
the four solutions are
λ =
µi,α − µj,β
2
±
√(
µi,α + µj,β
2
± E
)2
+∆2i,j , (A9)
where E =
√
p2 +M2. This result is in agreement
with [41℄. More generally, the solutions of the quarti
equation an be found in textbooks, see, e.g., [51℄. In
this work the eigenvalues of the 4x4 matries were alu-
lated with the exat solutions of the quarti equation and
the eigenvalues of the 12x12 matrix were alulated with
LAPACK. The momentum integral in (15) was alu-
lated with a Gaussian quadrature. The minimization of
the thermodynami potential was performed with onju-
gate gradient methods, hoosing the initial values of the
variational parameters arefully, and then omparing the
free energies of the various minima. The olor and ele-
tri harges were neutralized with a globally onvergent
Newton-Raphson method in multidimensions.
Gapless exitations/dispersion relations are harater-
ized by a non-zero ondensate, ∆i,j , and a orresponding
dispersion relation that is zero for at least one value of
the quasipartile momentum, i.e., the dispersion relation
reahes the Fermi surfae and there is no forbidden en-
ergy band.
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